Gradings on the algebra of upper triangular matrices and their graded identities  by Di Vincenzo, Onofrio M. et al.
Journal of Algebra 275 (2004) 550–566
www.elsevier.com/locate/jalgebra
Gradings on the algebra of upper triangular matrices
and their graded identities
Onofrio M. Di Vincenzo,a,1
Plamen Koshlukov,b,2 and Angela Valenti c,3,∗
a Dipartimento di Matematica, Università degli Studi di Bari, 70125 Bari, Italy
b IMECC, UNICAMP, Cx. P. 6065, 13083-970 Campinas, SP, Brazil
c Dipartimento di Matematica e Applicazioni, Università di Palermo, 90123 Palermo, Italy
Received 2 April 2003
Communicated by Susan Montgomery
Abstract
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ideals of graded polynomial identities of UTn(K) and we produce linear bases of the corresponding
relatively free graded algebras. We prove that one can distinguish the elementary gradings by their
graded identities. We describe bases of the graded polynomial identities in several “typical” cases.
Although in these cases we consider elementary gradings by cyclic groups, the same methods serve
for elementary gradings by any finite group.
 2004 Elsevier Inc. All rights reserved.
Keywords: Graded identities; Elementary grading; Upper triangular matrices
* Corresponding author.
E-mail addresses: divincenzo@dm.uniba.it (O.M. Di Vincenzo), plamen@ime.unicamp.br (P. Koshlukov),
avalenti@math.unipa.it (A. Valenti).
1 Partially supported by MIUR (Italy).
2 Partially supported by CNPq (Brazil), and by FAEP (UNICAMP, Brazil).
3 Partially supported by FAPESP (Brazil) and by MIUR (Italy).0021-8693/$ – see front matter  2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2003.08.004
O.M. Di Vincenzo et al. / Journal of Algebra 275 (2004) 550–566 551Introduction
Graded polynomial identities play an important role in the structure theory of PI
algebras. Many properties of the ideals of identities are described in the language of graded
identities and graded algebras, see for example [6,12]. For instance, Kemer developed
the structure theory of ideals of polynomial identities in the spirit of the ideal theory of
commutative algebras (see [12]). In his approach he used Z2-graded algebras in an essential
way showing also the relevance of their graded polynomial identities. In particular, the
study of these “weaker” identities was one of his key ingredients for answering positively
the famous Specht problem in characteristic zero.
Shortly afterwards it turned out that the study of G-graded polynomial identities for
algebras graded by any group G is a worth one in its own. For instance, it was proved
in [3,7] that if G is a finite abelian group and A is a G-graded algebra, then A is
PI if and only if its neutral component is PI. It was soon discovered that one may
consider the graded identities satisfied by an algebra as an “approximation” of the ordinary
ones. Several ordinary invariants for T -ideals were transferred to the graded case and
have been extensively studied, see for example [4] and its bibliography. In the case of
characteristic zero, an explicit basis of the graded identities for the algebra of 2 × 2
matrices was exhibited in [9] and in [13] the results of [9] were extended to algebras
over an infinite field of characteristic different from 2. Further significant progress in
describing the graded identities satisfied by matrix algebras was made by Vasilovsky
in [20,21]. He described the Zn and the Z-graded identities of the matrix algebra Mn(K)
of order n over a field of characteristic zero. Namely Vasilovsky proved that the ideal
of Zn-graded identities for Mn(K) is generated by the polynomials x(0)1 x
(0)
2 − x(0)2 x(0)1 and
x
(i)
1 x
(n−i)
2 x
(i)
3 −x(i)3 x(n−i)2 x(i)1 , 0 i  n−1. Here Zn is the group of the integers modulo n
and the upper index shows the homogeneous degree of the respective variable.
Later on both results of Vasilovsky were established over infinite fields, see [1,2]. In [14]
the Zn-graded identities of the algebra UTn(K) of n × n upper triangular matrices were
described over any infinite field. In all of the above cases, the respective gradings are the
natural ones.
If G is an abelian group, then, for the algebra Mn(K) of n × n matrices, there are
two important classes of G-gradings: the elementary gradings and the fine gradings. In
fact in [5] it was proved that if K is an algebraically closed field, every G-grading on
Mn(K) is a tensor product of an elementary and a fine grading. For the algebra UTn(K)
of n × n upper triangular matrices, it was proved in [19] that if one further assumes that
charK = 0 then every finite G-grading is isomorphic to elementary one. Furthermore the
isomorphisms can be chosen to be conjugations and obviously isomorphic gradings satisfy
the same graded identities.
Motivated by this result, in this paper we study the elementary gradings on the algebra
UTn(K) of n × n upper triangular matrices over an infinite field. We describe these
gradings by means of the graded identities that they satisfy. Namely we prove that there
exist |G|n−1 nonisomorphic elementary gradings on UTn(K) by the finite group G, and
show that nonisomorphic gradings produce different graded identities. Furthermore we
describe generators for the ideals of graded identities for a given (but arbitrary) elementary
grading on UTn(K), and produce linear bases of the corresponding relatively free graded
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simple and easy to check. Finally we deal with several “typical” cases of elementary
G-gradings for particular choices of G. Namely we consider a couple of Z2-gradings as
well as Zn-ones. We note that most of the contents of the last section of this paper can be
generalised (in a straightforward manner) to gradings by any finite group; the difference
would consist mainly in notation. Note that the notation would become rather heavy and
so, an obstacle to understanding the key points of the exposition. Hence we were forced to
stick to some “simpler” situations.
1. Preliminaries
Let K be a fixed infinite field, and let us consider an associative algebra A over K . If G
is a multiplicative group then a G-grading on A is a decomposition of A as a direct sum of
K-vector subspaces A =⊕g∈GAg such that AgAh ⊆ Agh for every g,h ∈ G. The vector
space Ag is the gth homogeneous component in the grading, A1 is the neutral (or identity)
component.
Let X = ⋃Xg be the union of the disjoint countable sets Xg = {xg1 , xg2 , . . .} where
g ∈ G. The free associative algebra K(X) freely generated over K by X is equipped
in a natural way with a structure of G-graded algebra. Namely set the homogeneous
degree deg(xgi ) = g for every xgi ∈ Xg , and then extend this grading to the monomials
on X. Hence deg(xg1i1 x
g2
i2
· · ·xgrir ) = g1g2 · · ·gr . So K(X) is the free G-graded algebra
freely generated by X. In some instances we write the letter x to denote a variable in X
without stressing its homogeneous degree, while we shall use symbols like xg to indicate
a variable in K(X) of homogeneous degree g. We shall sometimes denote the variable xg
as y or z. In such occasions y with or without subscript stands for 1G-variable and z
for a variable in Z = ⋃g =1G Xg . Here 1G denotes the neutral element of the group G.
Although G can be different from Z2 we shall say that y is an even variable and z
is odd. Let f (xg1i1 , x
g2
i2
, . . . , x
gr
ir
) ∈ K(X) be a polynomial. If A = ⊕Ag is a G-graded
algebra then f is a G-graded polynomial identity (or simply a G-graded identity) for A
if f (ag1i1 , a
g2
i2
, . . . , a
gr
ir
) = 0 in A for every homogeneous substitution agt ∈ Agt . The
ideal TG(A) = IdG(A) of all graded identities in K(X) is closed under all G-graded (or
homogeneous) endomorphisms of K(X); such ideals are called G-graded T-ideals. When
the grading is understood we shall simply write Id(A) for the ideal of G-graded identities
of A. One defines the notions of variety of G-graded algebras, relatively free G-graded
algebra, and so on, in analogy with the case of ordinary polynomial identities. Moreover
as in the case of ordinary polynomial identities, it can be shown that over an infinite field,
every G-graded T-ideal is generated as such by its multihomogeneous polynomials.
Let A be a unitary algebra over K . It is well known that the polynomial identities of A
are determined by its proper (or commutator) identities. This was first observed in [17] in
the case charK = 0; see for example in [11, pp. 42–44] a proof that holds for any infinite
field K .
One defines inductively the so-called higher commutators in the following way:
O.M. Di Vincenzo et al. / Journal of Algebra 275 (2004) 550–566 553• [xi1, xi2] := xi1xi2 − xi2xi1 , where xi1, xi2 ∈ X. We shall refer to these commutators as
2-commutators.
• If p  3, let us define [xi1, xi2, . . . , xip−1, xip ] := [[xi1, xi2, . . . , xip−1 ], xip ], where the
variables xik are (not necessarily distinct) elements of X.
These commutators will be called higher commutators, or commutators of length p,
when this number is needed.
Let L(X) be the free Lie algebra of countable rank freely generated by X and let
us fix a basis {c1, c2, . . .} of the commutator ideal L′(X); this ideal is spanned by all
commutators of length p  2. By Witt’s Theorem it follows that K(X) is the universal
enveloping algebra of L(X). Furthermore by the Poincaré–Birkhoff–Witt Theorem, K(X)
has a K-basis consisting of all possible products
x
a1
i1
· · ·xarir c
b1
1 · · ·cbss
where r , s, and the exponents ai , bj are non-negative integers. (We assume that the empty
product with r = s = 0 corresponds to the identity 1 of K(X).)
Definition 1.1. The polynomial f ∈ K(X) is proper if it is a K-linear combination of
(possibly empty) products of higher commutators. The unitary subalgebra
B := spanK
〈
c
b1
1 · · ·cbss | ci ∈ L′(X), s  0, bj ∈ N
〉
is therefore the vector space of proper polynomials in K(X).
The fact that the identities of an algebra are determined by its proper ones, can be
restated in the following way. Every T-ideal T in K(X) is generated as a T-ideal by T ∩B .
When one considers graded polynomial identities, a modification of this fact holds. Namely
we have the following proposition.
Proposition 1.2. Let K be an infinite field and let T be the ideal of graded identities of the
G-graded algebra A. Then T is generated as an ideal of graded identities by its elements
in which every neutral variable participates only in commutators.
Proof. See [11, pp. 42–44], for the proof of the ungraded version of the proposition. It
holds in the case of graded identities since 1 ∈ A belongs to the neutral homogeneous
component in the grading of A. 
Let V be an n-dimensional vector space with basis v1, v2, . . . , vn, and let g˜ = (g1, g2,
. . . , gn) ∈ Gn be an n-tuple of elements of G. Then V is G-graded if we set vi to be of
homogeneous degree gi , degvi = gi , i = 1,2, . . . , n. This grading induces a G-grading
on the algebra of linear transformations on V . So the matrix algebra Mn(K) is G-graded
and furthermore the matrix units are homogeneous of degree deg(eij ) = g−1i gj for all i
and j . Here eij is the matrix whose (i, j)th entry equals 1 and all other entries equal 0. The
induced grading on Mn(K) is called elementary. One can give an alternative definition of
the elementary gradings on Mn(K).
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if and only if all matrix units eij are homogeneous.
In the same way we can consider elementary G-gradings on the algebra UTn = UTn(K)
of n × n upper triangular matrices over K . Let g˜ = (g1, g2, . . . , gn) ∈ Gn be an n-tuple of
elements of G, then deg(eij ) = g−1i gj for all i and j such that 1 i  j  n. A possible
Zn-grading of the algebra UTn = UTn(K) is the following. Let Zn = 〈g〉, gn = 1, so that
Zn = {1, g, g2, . . . , gn−1} and let (UTn)gk be the span of all matrix units eij with j − i = k.
Of course this grading is the elementary one induced by g˜ = (1, g, g2, . . . , gn−1). We recall
that the graded identities for this specific grading on UTn were described in [14]. When
n = 2 and K is of characteristic 0, the above is the only non-trivial Z2-grading allowed.
A detailed description of the Z2-graded identities of UT2(K) and their numerical invariants
were given in [18].
The following elementary fact will be used frequently (and without mentioning). It
seems to us it is some kind of folklore, that is why we do not give credit for it. A version
of it for the matrix algebra Mn(K) can be found in [8, Lemma 1.1].
Lemma 1.4. Let the G-grading on UTn(K) be elementary. Then all idempotent matrix
units eii belong to the homogeneous 1-component.
Proof. It suffices to observe that eiieij = eij for every i and j . If g and h ∈ G are the
respective homogeneous components of the grading on UTn then gh = h and g = 1. 
We recall that this need not be the case if the grading on Mn(K) is not elementary, see
for examples [8].
Let us establish a couple of results that hold for any group G and any field K .
Proposition 1.5. Every elementary G-grading on UTn is uniquely determined by the
homogeneous degrees of the matrix units e1,i , i = 1, . . . , n.
Proof. Let UTn = ⊕g∈GAg , and let e1r ∈ Agr . We have that all eii belong to A1,
the neutral component. Suppose that eij ∈ Ag for some g ∈ G and i < j . Then since
e1ieij = e1j we get that gig = gj and hence g = g−1i gj is uniquely determined. 
Proposition 1.6. Every elementary G-grading on UTn is uniquely determined by the
homogeneous degrees of the elements in the first diagonal of a matrix of the Jacobson
radical of UTn.
Proof. It is sufficient to describe the homogeneous degrees of the elements e1j in the
first row. Let UTn = ⊕g∈GAg, and let er,r+1 ∈ Agr . We have that e11 belongs to A1,
the neutral component. Suppose that e1j ∈ Ag for some g ∈ G and 1 < j . Then since
e1j = e12e23 · · ·ej−1,j we get that g = g1g2 · · ·gj and hence g is uniquely determined. 
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Throughout this section we shall assume that K is an infinite field. We shall also
assume that UTn is equipped with an elementary G-grading induced by the n-tuple
ε = (ε1, ε2, . . . , εn) ∈ Gn of elements of G. For the reader’s convenience we recall
briefly some of the main notation given in Section 1. We shall write 1 = 1G, Y = X1,
Z = ⋃g =1 Xg . In this case we shall use the letters yi for the variables in K(X) whose
homogeneous degree is 1 and zi for the variables in Z. We shall say that yi is an even
variable and zi is an odd variable. We call Y -proper any polynomial in K(X) where every
even variable participates in commutators only. As we mentioned above, the ideal TG(UTn)
is generated by polynomials of such kind. Notice that the odd variables z ∈ Z are Y -proper
polynomials.
Definition 2.1. Let η˜ = (η1, . . . , ηm) be an element of Gm. We say that η˜ is a good sequence
with respect to the elementary G-grading ε if there exists a sequence of m matrix units
(r1, . . . , rm) in the Jacobson radical of UTn such that the product r1 · · · rm is not zero and
also the homogeneous degree of ri is ηi for all i = 1, . . . ,m. In this case we say that η˜ is
ε-good, otherwise η˜ is called ε-bad sequence.
For any sequence η˜ ∈ Gm we consider the polynomial fη˜ = fη˜,1fη˜,2 · · ·fη˜,m where
fη˜,i = [y2i−1, y2i] if ηi = 1 while fη˜,i = xηii if ηi = 1.
Proposition 2.2. The multilinear polynomial fη˜ is a graded identity for UTn if and only if
the sequence η˜ is ε-bad.
Proof. Suppose first that fη˜ is not a graded identity for UTn. Then there exist
homogeneous elements r1, . . . , rt ∈ UTn such that fη˜(r1, . . . , rt ) = 0. Since fη˜ is
multilinear and the matrix units eij are homogeneous in the fixed G-grading we can
choose ri among the matrix units.
Notice that if ηi = 1 then fη˜,i = xηii and its evaluation on matrix units gives an element
eai,bi of the Jacobson radical of UTn; in the same way if ηi = 1 then fη˜,i = [y2i−1, y2i]
and any non zero evaluation of fη˜,i on matrix units gives an element [ea2i−1,b2i−1, ea2i ,b2i ]
which is, up to sign, a matrix unit in the Jacobson radical of UTn. It follows that η˜ is a
good sequence.
Now let the sequence η˜ be ε-good. Then there exists a sequence of m matrix
units (ea1,a2, ea2,a3, . . . , eam−1,am, eam,am+1) in the Jacobson radical of UTn such that the
homogeneous degree ε−1ai εai+1 of eai,ai+1 is ηi for all i = 1, . . . ,m. Notice that if ηi = 1
then eai,ai+1 is of G-degree 1 and we can evaluate the polynomials fη˜,i = [y2i−1, y2i] on
the matrices eai,ai+1 and eai+1,ai+1 which are even elements of UTn. Of course if ηj = 1
then fη˜,j = xηjj and the matrix eaj ,aj+1 is homogeneous element of UTn of G-degree ηj . It
follows that the evaluation of fη˜ = fη˜,1 · · ·fη˜,m on these homogeneous elements does not
vanish and we are done. 
As a consequence we have the following theorem.
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G-gradings on the algebra UTn. Two different elementary gradings satisfy different graded
polynomial identities.
Proof. It is easy to check that the two n-tuples (g1, g2, . . . , gn) and (1, g−11 g2, . . . , g
−1
1 gn)
give rise to the same grading on UTn. Therefore the first statement is straightforward, since
in Gn there are |G|n−1 different elements (ε1, ε2, . . . , εn) with ε1 = 1.
Now we deal with the second statement of the theorem. First we observe that in the
Jacobson radical of UTn, there exists a unique sequence of n−1 matrix units (r1, . . . , rn−1)
such that the product r1 · · · rn−1 is non zero, namely (e1,2, e2,3, . . . , en−1,n). Therefore if
g˜ = (ε1, ε2, . . . , εn) is some fixed grading then the sequence d(g˜) = (ε−11 ε2, . . . , ε−1n−1εn)
is the unique g˜-good sequence of length n − 1. Actually, this sequence describes the
G-degrees of the elements on the first diagonal in the Jacobson radical of UTn. By
Proposition 1.6 two different gradings g˜ and g˜′ determine different diagonal sequences
d(g˜) and d(g˜′). Hence, the multilinear polynomial fd(g˜) is a graded polynomial identity of
UTn with respect to the elementary grading g˜′, but it is not an identity with respect to the
grading g˜. 
Since isomorphic gradings satisfy the same graded identities, we obtain the following
Corollary 2.4. Let G be a finite group, then there are |G|n−1 nonisomorphic elementary
G-gradings on UTn.
Now let I (ε) be the TG-ideal of the free algebra K(X) generated by the multilinear
polynomials fη˜ , where η˜ belongs to the set of all ε-bad sequences. We shall prove that
I (ε) is the ideal of G-graded polynomial identities of UTn with respect to the elementary
G-grading ε.
We have the following easy description of the Y -proper polynomials of K(X).
Lemma 2.5. Every Y -proper polynomial of positive degree is a linear combination of
products of Y -commutators of Z-degree at most 1. Moreover, if the variable z participates
in a Y -commutator c, we can assume that z is the first variable of c. That is, either c = z
or c = [z, yi1, . . . , yit ] for some t  1.
Proof. It suffices to prove the statement for higher commutators [x1, . . . , xn] in which
each variable is homogeneous. We do this by induction on n, the case n = 2 being trivial.
Assume that the lemma holds for commutators of length n−1, and let c = [x1, x2, . . . , xn].
First, we observe that commutation with a fixed element is a derivation, that is [uv,w] =
[u,w]v + u[v,w]. Then by an obvious induction we obtain that
[u1u2 · · ·ur ,w] =
∑
i
u1 · · ·ui−1[ui,w]ui+1 · · ·ur .
If xn ∈ Y then c′ = [x1, x2, . . . , xn−1] is of length n − 1 and by assumption, we can
represent it as a linear combination of products of commutators with the required
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products of Y -proper commutators which still satisfy the required properties.
Finally if xn ∈ Z, we are done by induction using the equality
[x1, x2, . . . , xn−1, xn] = [x1, x2, . . . , xn−1]xn − xn[x1, x2, . . . , xn−1]
since both summands are Y -proper polynomials. 
Throughout this paper we call normal any Y -commutator of Z-degree at most 1 which
satisfies the condition of the previous lemma. Notice that for a normal commutator c of
Z-degree 1 one has degG c = degG z, where z is the unique odd variable in c. Now, let us
consider a product c = c1 · · ·cm of normal commutators and let η˜c = (η1, . . . , ηm) ∈ Gm
be the sequence defined by ηi = degG ci, for all i = 1, . . . ,m. We have
Lemma 2.6. If the sequence η˜c is ε-bad then the product c = c1 · · ·cm is a G-graded
polynomial identity of UTn.
Proof. By Proposition 2.2, it is sufficient to observe that the polynomial c = c1 · · ·cm
belongs to the TG-ideal of K(X) generated by the multilinear polynomial fη˜c . 
Let ε be a fixed elementary G-grading of UTn and let W(ε) be the vector subspace
of the Y -proper polynomials in the relatively free graded algebra K(X)/I (ε). In order to
describe a linear basis of W(ε) we say that:
• a normal commutator [yj1, yj2, . . . , yjp ] of Z-degree 0 is semistandard if the indices
j1, j2, . . . , jp satisfy the inequalities j1 > j2  j3  · · · jp.
• a normal commutator [zj1, yj2, . . . , yjp ] of Z-degree 1 and length p  1 is semistan-
dard if j2, . . . , jp satisfy j2  j3  · · · jp .
Lemma 2.7. In the free G-graded algebra K(X), every Y -proper polynomial of positive
degree is a linear combination, modulo I (ε), of products of the type c1 · · ·cm where each
ci is a semistandard commutator and the sequence η˜ = (degG c1, . . . ,degG cm) is ε-good.
Proof. By Lemma 2.5 it is sufficient to consider Y -proper polynomials which are products
of normal commutators. Let c = c1 · · ·cm be one of these products and consider the related
sequence η˜c = (degG c1, . . . ,degG cm) ∈ Gm. Notice that the polynomial c belongs to the
TG-ideal of K(X) generated by fη˜c . Since the Jacobson radical of UTn is nilpotent of
index n, any sequence of length m  n is ε-bad. In this case, the multilinear polynomial
fη˜c lies in I (ε) and the same conclusion holds for c. Hence, by applying a step-down
(i.e., backward) induction we may assume, for some fixed m, that the result holds for all
products of m+ 1 normal commutators. Thus we have to prove that it holds for m as well.
Now let c = [z, yj1, . . . , yjq ] be a normal commutator of Z-degree 1. We shall prove that
for every permutation σ ∈ Sq , there exists a polynomial gσ which is a linear combination
of products of two normal commutators, such that
[z, yj1, . . . , yjq ] = [z, yjσ(1) , . . . , yjσ(q)] + gσ .
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c′ = [z, yj1, . . . , yjt−1]. The Jacobi identity allows us to change the positions of the ele-
ments in the first three positions. More precisely,
c = [yjt+1, yjt , c′, . . . , yjq
]+ [c′, yjt+1, yjt , . . . , yjq
]
.
In this case gσ = [[yjt+1, yjt ]c′, . . . , yjq ] − [c′[yjt+1, yjt ], . . . , yjq ]. In fact, since the
commutation with a fixed element is a derivation then, by induction on r , we obtain that
[ab, x1, x2, . . . , xr ] equals a linear combination of products of two commutators of the
form [a, . . .][b, . . .], and we are done.
Now let c = [ya, yb, yj1, . . . , yjq ] be a normal commutator of Z-degree 0. We can prove
in a similar way that for any permutation σ ∈ Sq there exists a polynomial hσ which is a
linear combination of products of two normal commutators of Z-degree 0 and such that
[ya, yb, yj1, . . . , yjq ] = [ya, yb, yjσ(1) , . . . , yjσ(q) ] + hσ .
Together, these two computations show that for every normal commutator c there exist
a semistandard commutator c′ and a polynomial gc, which is a linear combination of
products of two normal commutators, such that c = c′ + gc.
Finally let c = c1 · · ·cm be a product of m normal commutators. Then by the previous
arguments, there exist m semistandard commutators c′1, . . . , c′m and Y -proper polynomial
f such that c = c′1 · · ·c′m + f and f is a linear combination of products of at least m + 1
normal commutators. Therefore the statement of the lemma follows by induction on m. 
Now we come to our main result.
Theorem 2.8. Let G be a group and let ε = (ε1, . . . , εn) be an elementary G-grading on
the algebra UTn of n× n upper triangular matrices over an infinite field K . Then
(1) The ideal TG(UTn, ε) of G-graded polynomial identities of UTn is generated by the
multilinear polynomials fη˜ where η˜ = (η1, . . . , ηm) belongs to the set of all ε-bad
sequences and m n.
(2) A linear basis for the Y -proper polynomials in the relatively free graded algebra
K(X)/TG(UTn, ε) consists of 1 and of the polynomials c1 · · ·cm where each
polynomial ci is a semistandard commutator and the sequence
η˜c = (degG c1, . . . ,degG cm)
is ε-good.
Proof. As in Lemma 2.7, let I (ε) be the TG-ideal of K(X) generated by the multilinear
polynomials fη˜ , where η˜ belongs to the set of all ε-bad sequences. Observe that if
η˜ = (η1, . . . , ηm) and nm then η˜ and its subsequence η′ = (η1, . . . , ηn) are both ε-bad.
Moreover the polynomial fη˜ lies in the ideal generated by fη′ . Hence I (ε) is generated by
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By Proposition 2.2, I (ε) is contained in TG(UTn, ε) and, by Lemma 2.7, the space of
Y -proper polynomials is spanned, modulo I (ε), by 1 and by the products c1 · · ·cm of
semistandard commutators such that the sequence η˜c = (degG c1, . . . ,degG cm) is ε-good.
Therefore it is sufficient to show that these polynomials are linearly independent modulo
TG(UTn, ε).
Let f = α1 +∑c αcc be a linear combination of these polynomials and assume that
f ∈ TG(UTn, ε). We must prove that every coefficient is zero.
Our proof is by induction on n. The basis of the induction, n = 1, follows immediately
since UT1 is (semi-)simple. Hence any sequence is bad and f = α1 ∈ TG(UT1, ε) implies
α = 0.
For n  2, let Rj be the G-graded subalgebra of UTn consisting of the n × n upper
triangular matrices with zero entries in the j th row and in the j th column, 1 j  n. Then
Rj is isomorphic to the graded algebra UTn−1 with respect to the elementary G-grading
ε˜j = (ε1, . . . , εj−1, εj+1, . . . , εn). Hence for every j = 1, . . . , n, we obtain
f ∈ T (UTn, ε) ⊆ T (UTn−1, ε˜j ). (1)
Let c = c1 · · ·cm be a summand of f and assume that m  n − 2. Since the associated
sequence η˜c = (degG c1, . . . ,degG cm) is ε-good there exists a sequence of m matrix
units (ea1,a2, ea2,a3, . . . , eam−1,am, eam,am+1) in the Jacobson radical of UTn such that the
homogeneous degree ε−1ai εai+1 of eai,ai+1 is ηi for all i = 1, . . . ,m. Since m + 1  n − 1
there exists a positive integer 1  j  n such that these matrices are all in the G-graded
subalgebra Rj . Hence η˜c is a good sequence with respect to the ε˜j -grading of UTn−1. For
j = 1, . . . , n, let fj = ∑c αcc be the component of f given by the summands αcc such
that the corresponding sequence η˜c is ε˜j -good. By Lemma 2.6 and the inclusion in Eq. (1)
it follows that
α1 + fj ∈ T (UTn−1, ε˜j ).
By induction we have α = αc = 0 for every c such that η˜c is ε˜j -good. Thus we may
consider f as a linear combination of products c = c1 · · ·cn−1 of n − 1 semistandard
commutators such that η˜c is ε-good. As in the proof of Theorem 2.3 there is a unique
ε-good sequence η˜ = (η1, . . . , ηn−1) of length n − 1, namely we have ηi = ε−1i εi+1 =
degG(ei,i+1). Hence for any summand c = c1 · · ·cn−1 of f one has degG ci = ηi .
Since the field K is infinite we can assume that f = f (x1, . . . , xr) is multihomoge-
neous.
Furthermore, if Ω is a set of commuting variables, f is a G-graded polynomial identity
of UTn(K[Ω]) with respect to the natural extension of the elementary grading ε. Here
K[Ω] stands for the usual commutative polynomial algebra.
Let c = c1 · · ·cn−1 be a non-zero summand of f and consider the monomial mc =
xj1 · · ·xjn−1 ∈ K(X), where xjt is the variable in the first position in the semistandard
commutator ct . Then xjt is even or odd according to the Z-degree of ct . Let m =
xi1 · · ·xin−1 be a maximal monomial in the set Mf = {mc | c is a non-zero summand of f }
with respect to the left lexicographical order. Let c = [xi1, . . .] · · · [xin−1, . . .] be the
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position of some (possibly none) of the semistandard commutators c1, . . . , cn−1. Since
f = f (x1, . . . , xr) is multihomogeneous, the set of odd variables is the same for any non-
zero summand c′ of f .
We say that t, s ∈ {1, . . . , n − 1} are equivalent if xit = xis and we denote by Γt
the equivalence class of t . Consider the following homogeneous elements ξ¯1, . . . , ξ¯r of
UTn(K[Ω]), defined as follows:
• If xit is an even variable then ξ¯it =
∑
j∈Γt ej,j+1 +
∑
s ξit ,ses,s where ξit ,s ∈ Ω for all
it , s.
• If xit is an odd variable then ξ¯it =
∑
j∈Γt ej,j+1.
• If l = i1, . . . , in−1, then ξ¯l = ∑s ξl,ses,s where once again ξl,s are commuting
variables.
Concrete calculations show that f (ξ¯1, . . . , ξ¯r ) = ∑c′ αc′gc′e1,n. Here the element c′
belongs to the set of all non-zero summands of f with associated monomial mc′ =
xi1 · · ·xin−1 . That is c′ is a polynomial of the following kind:
c′ = [xi1, xa2, . . . , xap ][xi2, xb2, . . . , xbq ] · · · [xin−1, xc2, . . . , xcs ]
and so gc′ is the polynomial in commuting variables:
gc′ = (ξa2,2 − ξa2,1) · · · (ξap,2 − ξap,1) · · · (ξc2,n − ξc2,n−1) · · · (ξcs,n − ξcs ,n−1).
Therefore f (ξ¯1, . . . , ξ¯r ) = 0 and we are done. 
Notice that if G = {1} then any G-graded polynomial identity is an ordinary one and all
the sequences of length m n− 1 are good. Hence we obtain the following corollary.
Corollary 2.9. In the free algebra K(X) a basis of the ordinary polynomial identities of
UTn is given by the polynomial
[x1, x2] · · · [x2n−1, x2n].
This basis of the polynomial identity of UTn was found by Maltsev in the case of
characteristic 0 and by several other authors in the general case. See the papers of
Polin [15], Siderov [16] or the book by Vovsi [22]. Actually, in this paper we are closer to
the exposition of [11, Chapter 5.2].
3. Explicit bases of graded polynomial identities of UTn(K)
Our main theorem lets us write down explicitly a basis of the graded polynomial
identities of UTn for a fixed G-grading ε. More precisely, given m  n, we can write
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multilinear polynomial fη˜ is in the set of generators of TG(UTn, ε) (cf. Theorem 2.8),
and conversely. In this section we will explain this method by computing bases in several
“typical” cases.
We start with some general results. The first one is a description of the set Γm of all
ε-good sequences with respect to a given G-grading ε of UTn.
Proposition 3.1. Let d(ε) = (η1, . . . , ηn−1) be the diagonal sequence associated to the
grading ε, ηi = ε−1i εi+1 = degG ei,i+1 . Let γ˜ = (γ1, . . . , γm) ∈ Gm be a sequence of length
m, then γ˜ is ε-good if and only if there exist m+1 positive integers 1 t1 < · · · < tm+1  n
such that
γi = ηti ηti+1 · · ·ηti+1−1
for all i = 1, . . . ,m.
Proof. We recall that the sequence γ˜ is ε-good if and only if there exist m matrix units
et1,t2, et2,t3, . . . , etm−1,tm, etm,tm+1 in the Jacobson radical of UTn such that degG eti ,ti+1 = γi ,
for all i = 1, . . . ,m. Now the result follows since
eti ,ti+1 = eti,ti+1eti+1,ti+2 · · ·eti+1−1,ti+1 . 
Given the G-grading ε = (ε1, . . . , εn) we say that there is a variation in the position i if
εi = εi+1. This is equivalent to say that in the diagonal sequence η˜ = d(ε) = (η1, . . . , ηn−1)
one has ηi = 1G.
Proposition 3.2. Let t be the number of variations in the G-grading ε and let γ˜ ∈ Gm be
any sequence of length m. If the corresponding polynomial fγ˜ has Z-degree at least t + 1
then it is a graded polynomial identity of UTn.
Proof. In the diagonal sequence η˜ there exist exactly t elements that are different from
1G. By the previous proposition, in every ε-good sequence there exist at most t elements
different from 1G. Hence if the Z-degree of fγ˜ is at least t + 1 then the sequence γ˜ is bad
and fγ˜ is a polynomial identity. 
Thus in order to include the multilinear polynomial fγ˜ in the list of generators of the
graded identities it is convenient to compute in advance its Z-degree. The simplest case is
when this Z-degree is zero, and we consider a polynomial f in even variables only. In this
case f is a graded identity of UTn if and only if it is a polynomial identity of the neutral
component. In the next assertion we describe the structure of this component of UTn.
Proposition 3.3. Suppose that ε = (ε1, . . . , εn) ∈ Gn and let h1, . . . , hs be the distinct
elements of G that appear in ε. Suppose that for i = 1, . . . , s, the element hi appears mi
times. Then we have the following isomorphism of K-algebras
(UTn)1 ∼= UTm1 ⊕ UTm2 ⊕ · · · ⊕ UTms .
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εj1 = εj2 = · · · = εjmi . Then
ε−1jp εjq = h−1i hi = 1 ∈ G
and the matrix units ejpjq ∈ (UTn)1 are homogeneous for all 1 p  q mi . Set Ahi1 to
be the K-span of the matrix units ejpjq for 1 p  q mi . Then obviously A
hi
1
∼= UTmi
as algebras and therefore (UTn)1 ∼= Ah11 ⊕ Ah21 ⊕ · · · ⊕ Ahs1 . Thus we have the algebra
isomorphism (UTn)1 ∼= UTm1 ⊕ UTm2 ⊕ · · · ⊕ UTms . Observe that the sum is direct since
the hi are distinct elements of G. 
With the notation of the previous proposition, let m = max{m1, . . . ,ms}.
Corollary 3.4. The polynomial f (y1, . . . , yr) is a graded polynomial identity of UTn if
and only if it is a consequence of
[y1, y2] · · · [y2m−1, y2m].
Proof. Since f is a polynomial in even variables only, it is a graded identity of UTn if
and only if it vanishes under every substitution by elements from the neutral component
(UTn)1. Then we apply the previous proposition and Corollary 2.9. 
Now we start with the first example. More precisely, we turn our attention to the case
when G ∼= Z2 is cyclic of order two. The corresponding gradings are called 2-gradings. We
write G = {1,−1} for Z2. In this case the odd variables z are of homogeneous G-degree
−1.
Consider the elementary G-grading induced by ε = (ε1, . . . , εn). Without loss of
generality we may assume that ε1 = 1. In the next two theorems we consider gradings
induced by the n-tuple ε = (1, . . . ,1,−1, . . . ,−1) where the first k entries are 1’s and the
last n− k entries are −1’s. First we deal with the case k > n − k.
Theorem 3.5. Suppose that in the above notation, k > n− k, and consider the elementary
grading on UTn induced by ε. Then
(1) The ideal TZ2(UTn, ε) of 2-graded identities for UTn is generated by the polynomials
z1z2, [y1y2] · · · [y2k−1, y2k], z[y1, y2] · · · [y2(n−k)−1, y2(n−k)].
(2) A linear basis for the Y -proper polynomials in the relatively free graded algebra
K(X)/TZ2(UTn, ε) consists of 1 and of the polynomials
[yi1,1, yi2,1, . . . , yip1 ,1] · · · [yi1,r , . . . , yipr ,r ][z, yl2, . . . , ylt ]
×[yj1,1, . . . , yjq ,1 ] · · · [yj1,s , . . . , yjq ,s]1 s
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[yi1,1, yi2,1, . . . , yit1 ,1] · · · [yi1,r , . . . , yitr ,r ]
for 0  r  k − 1. For both types of polynomials the commutators are semistandard.
That is, in [yh1, yh2, . . . , yhu] the indices satisfy the inequalities
h1 > h2  h3  · · · hu
while in [z, yl2, . . . , ylt ] one has l2  · · · lt .
Proof. We recall that the ideal TG(UTn, ε) of the G-graded polynomial identities of UTn
is generated by the multilinear polynomials fη˜ such that the sequence η˜ = (η1, . . . , ηm)
belongs to the set of all ε-bad sequences and m n.
The diagonal sequence d(ε) = (ε−11 ε2, . . . , ε−1n−1εn) is (1, . . . ,1,−1,1, . . . ,1) where−1 occurs in the kth position. By Proposition 3.1, the set Γ of all ε-good sequences
consists of:
• (1, . . . ,1) of length m k − 1,
• (1, . . . ,1︸ ︷︷ ︸
r
,−1,1, . . . ,1︸ ︷︷ ︸
s
) where r  k − 1 and s  n − k − 1.
Therefore the second statement of the theorem follows from the second part of Theo-
rem 2.8. Now let γ˜ be a bad sequence of length m  n. Then either there exist at least
two −1’s in γ˜ , or γ˜ = (1, . . . ,1) and k m, or γ˜ = (1, . . . ,1,−1,1, . . . ,1) with k  r or
n− k  s.
In the first case the multilinear polynomial fγ˜ is a consequence of z1z2. In the second
case fγ˜ is a consequence of [y1, y2] · · · [y2k−1, y2k]. In the third case either fγ˜ is a
consequence of [y1, y2] · · · [y2k−1, y2k]z1 or fγ˜ is a consequence of
z1[y1, y2] · · · [y2(n−k)−1, y2(n−k)].
Thus the proof is complete. 
We notice that the first part of the previous theorem was obtained in [10] as a
consequence of a more general result (cf. [10, Corollary (i)]).
In a similar way we examine the case when k  n− k. The proof is quite similar to that
of the preceding theorem.
Theorem 3.6. Suppose that in the notation of the previous theorem, k  n− k.
(1) If k < n− k then the ideal TZ2(UTn, ε) is generated by the polynomials
z1z2, [y1, y2] · · · [y2(n−k)−1, y2(n−k)], [y1, y2] · · · [y2k−1, y2k]z.
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z1z2, [y1, y2] · · · [y2k−1, y2k].
Now we consider the case when the elementary 2-grading is induced by a sequence ε
with n − 1 variations, that is ε = (1,−1,1,−1,1,−1, . . .). In this case we have the
following theorem.
Theorem 3.7. Let ε = (1,−1,1,−1,1,−1, . . .) and consider the 2-grading on UTn
induced by ε. Then the ideal TZ2(UTn, ε) is generated by the multilinear polynomials
fp˜q,q = wp0z1wp1z2 · · ·wpq−1zqwpq
where q = 0,1, . . . , n, 0 pi , ∑pi = [(n− q + 1)/2] (the integer part). Furthermore the
polynomials wpi are products of pi commutators of length 2 in the even variables y’s. That
is,
wpi = [y1,i, y2,i] · · · [y2pi−1,i , y2pi,i ].
Proof. In this case the diagonal sequence d(ε) is (−1, . . . ,−1) and its length is n − 1.
Consider a sequence γ˜ ∈ Gm with l even entries and q = m − l odd entries. That is, l of
the entries of γ˜ equal to 1, and the remaining q entries of γ˜ equal to −1. We write
γ˜ = (1l0,−1,1l1,−1, . . . ,1lq−1,−1,1lq )
where li  0 and l =∑ li . Here 1li stands for the sequence (1,1, . . . ,1) of length li . Then
by Proposition 3.1 the sequence γ˜ ∈ Gm is ε-good if and only if 2l + q  n− 1. Hence the
polynomials fp˜q ,q are graded identities because they correspond to the bad sequences
p˜q =
(
1p0,−1,1p1,−1, . . . ,1pq−1,−1,1pq ).
Furthermore let γ˜ = (1l0,−1, . . . ,−1,1lq ) be a bad sequence of length m n with q odd
entries and l = m − q even entries. Then either n  q or q  n − 1 and n  2l + q .
In the first case fγ˜ is a consequence of f0˜n,n = z1 · · ·zn. In the second case, fγ˜ is a
consequence of fp˜q ,q , for some sequence p˜q = (1p0,−1, . . . ,−1,1pq ) where q entries are
odd, p =∑pi entries are even, pi  li , and∑pi = [(n−q +1)/2] (the integer part). 
Our last example concerns the case when G = 〈g〉 ∼= Zn is the cyclic group of order n
and the elementary grading of UTn is induced by ε = (1, g, g2, . . . , gn−1). In this case we
will denote the odd variables of G-degree gi with the letters z(i), for i = 1, . . . , n − 1. We
recall that a basis of the Zn-graded polynomial identities was found in [14].
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G-grading induced by ε = (1, g, g2, . . . , gn−1). Then the ideal TZn(UTn, ε) is generated
by the polynomials
[y1, y2], z(i)1 z(j)2 , n i + j.
Proof. In this case the diagonal sequence d(ε) is (g, g, . . . , g) of length n − 1. Hence by
Proposition 3.1, a sequence γ˜ ∈ Gm of length m  n is ε-bad if and only if either there
exists at least one even entry or γ˜ = (gi1 , . . . , gim) ∈ Gm where 1  it  n − 1 and n 
i1 + · · ·+ im. In the first case the polynomial fγ˜ is a consequence of [y1, y2]. In the second
case the polynomial fγ˜ = z(i1)1 · · ·z(im)m is a consequence of z(r)1 z(s)2 where r = i1 + · · ·+ it ,
s = it+1 and t + 1m is the least index such that n (i1 + · · · + it + it+1). 
We conclude our paper with two characterizations of the previous Zn-grading in terms
of the dimensions of the homogeneous components of UTn.
Proposition 3.9. Let G = 〈g〉 ∼= Zn be the cyclic group of order n and suppose that
g˜ = (gi1 , gi2 , . . . , gin ), gi1 = 1G, induces an elementary G-grading on UTn where the
elements gi1 , gi2 , . . . , gin are pairwise distinct. If dimK(UTn)gik = 1 for some k then the
grading is induced by (1, gi2 , g2i2, . . . , g(n−1)i2).
Proof. The grading is elementary, hence e1r belongs to the homogeneous component
indexed by g−i1gir . Therefore the matrix units e1j , j = 1,2, . . . , n, belong to (pairwise)
different homogeneous components; the same is true for the matrix units ein, i = 1,
2, . . . , n. It follows that ik ≡ in (mod n). The homogeneous degrees of the matrix units
e23, e24, . . . , e2n are respectively gi3−i2 , gi4−i2 , . . . , gin−i2 , and these must be different
from gin . Therefore ir − i2 ≡ in (mod n) for all r  3. Now observe that (i1, i2, . . . , in)
is a permutation of (1,2, . . . , n) and i2 + in ≡ i2 (mod n) since in ≡ 0 (mod n). In this way
we conclude that i2 + in ≡ i1 ≡ 0 (mod n) and in ≡ −i2 (mod n).
Repeating the same argument for the matrix units e3r , we obtain that ir − i3 ≡ in ≡
−i2 (mod n), r  4. It follows that i3 − i2 is not congruent to either ir , r  4. So it remains
that i3 − i2 ≡ 0, i2, i3 (mod n). Since neither of i2 and i3 is congruent to 0 (mod n) we
have that i3 ≡ 2i2 (mod n). In a similar manner one goes on by induction and shows that
ir ≡ (r − 1)i2 (mod n) for all r . 
Proposition 3.10. Suppose that the elementary grading on UTn is induced by g˜ =
(g1, g2, . . . , gn) ∈ Gn, g1 = 1G, where the elements g1, g2, . . . , gn are pairwise distinct.
If dimK(UTn)gi = n − 1 for some i , 2  i  n, then the grading is induced by
(1, g2, g22, . . . , g
n−1
2 ).
Proof. If 1  p  n then among the matrix units epp, ep,p+1, . . . , epn at most one
is of homogeneous degree gi . The same holds if one considers the matrix units
e1p, e2p, . . . , epp. Set UTn = A. Since dimAgi = n − 1 it follows that Agi is the span
of the matrix units e12, e23, . . . , en−1,n. Therefore g2 = g−1g3 = g−1g4 = · · · = g−1 gn2 3 n−1
566 O.M. Di Vincenzo et al. / Journal of Algebra 275 (2004) 550–566and hence g3 = g22 , g4 = g3g−12 g3 = g32 , . . . , gn = gn−1g−1n−2gn−1 = gn−12 by an obvious
induction. 
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